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A unified solidification model of hardening concrete composite
for predicting the young age behavior of concrete
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Abstract

The prediction of hardening young concrete behaviors is proposed using a solidification model based on the microphysical
information of temperature, hydration ratio, porosity, saturation, isotherm and others. The solid model deals with cement paste as
the solidified finite fictitious clusters having each creep property. Aggregates are idealized as suspended continuum media of perfect
elasticity. The combination of both phases may create the overall features of concrete composite under the unstable transient
conditions at early age. The micro-scale surface tension is treated as the driving force for the shrinkage associated with and without
water migration. The solidification model is expected to offer the deformability of hardening concrete under the combined effect of
external loads and the capillary stress estimated by the thermo-dynamic computation. Verification of the proposed model is con-

ducted through comparison with some experimental data available in the literature.
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1. Introduction

The early stage of concrete life is known to have a
significant control on the overall performance of con-
crete structures. In fact, it can be said that the future of a
reinforced concrete structure may be decided based
upon the information obtained from this period.

Due to this, several models dealing with concrete at
the early age have been proposed. These models can
generally be divided into two groups. The first uses a
parameter such as maturity [1] or degree of hydration [2]
to represent the aging process. While the other group is
based on some form of curve fitting using the mathe-
matical formulation of Maxwell or Kelvin chains [3].
The aforementioned models have many shortcomings
and could only give a narrow range of predictability.
Recently, some models that are based on the assumptive
physical phenomena in concrete such as moisture
transport or microstructure of cement paste are being
studied. These types of models show a better under-
standing of the young concrete behavior and thus are
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better suited for establishing more reasonable formula-
tions. Some of the models that have shown good po-
tential are the solidification theory [4], the model by
Anders Boe Hauggaard-Nielsen [5,6] and the Lokhorst
creep estimation model [7,8]. In this research, a model
based on the solidification theory will be proposed.

2. Basic concept of the proposed model

The basic concept of this method is to predict the
behavior of concrete based on the actual thermo-hygro-
physical information of the microstructure. The input
data is the concrete information like mix proportions,
type of cement and environmental conditions of tem-
perature and relative humidity, structure information
like size, shape, reinforcement and loading conditions.
Microphysical information of temperature, hydration
ratio, pore structure and moisture transport are calcu-
lated using the computational framework DuCOM
[9,10]. Where, a dynamic coupling of cement hydration,
microstructure formation and moisture transport mod-
els is incorporated. This information is then also used as
input data in the proposed model. This input data of
microphysical information are linked to the structural
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behavior of concrete. For instance, the stiffness and
strength are related to the microstructure development.
The volumetric change provoked by the hydration in
progress and water loss is physically linked to the sur-
face tension force developing inside the micro-capillary
pores. The creep deformation is correlated with the
moisture movement and the microstructure of the ce-
ment paste.

The various performances of concrete like autoge-
nous shrinkage, drying shrinkage, basic creep, drying
creep and thermal deformations are considered. One
advantage and innovative property of this research is
that it attempts to deal with these behaviors using only
one microphysical model in a unified manner without
any separation of creep and shrinkage. In addition,
contrary to most of the current empirical models, the
proposed solidification model can deal with the minute
prediction involving structural detail and time depen-
dent variation in environmental conditions as well as the
evaluation of stress distribution within the different
locations of the structure. The first version of the model
was previously proposed [11]. Currently, a more com-
prehensive and general proposal is introduced which
attempts to cover the behavior of concrete not only at
the early age but also the behavior of mature concrete as
well.

3. Mathematical model

It is convenient in material modeling to decompose
the stress tensor into two parts; the volumetric tensor
and the deviatoric tensor. The same procedure will be
applied here. The volumetric stress tensor is the tensor
whose elements are ¢yJ;; where oy is the mean volu-
metric stress and J;; is the Kronecker delta function. The
mean volumetric stress is given by Eq. (1). The devia-
toric stress tensor is thus obtained by subtracting the
volumetric stress tensor from the total stress as shown in
Eq. (3). The same procedure can be applied to the strain
tensor as shown in Egs. (2) and (4):

00 = 0w + 0y + 02.) =1 (1)
& = %(Bx’c + &y + 322) (2)

Sij = 01 — 000 3)
ey = & — €0y 4)

where, /; is the first invariant of stress tensor, S;; is the
deviatoric stress tensor and o;; is the total stress tensor.
& 1is the mean volumetric strain, e; is the deviatoric
strain tensor and ¢; is the total strain tensor.

3.1. Volumetric component

In this study, concrete is treated as a two-phase solid
dispersion system, namely aggregate and cement paste
(Fig. 1). Concerning the coupling of aggregate and ce-
ment paste, virtual work principle can be utilized for
theoretically deriving the mean stress and strain on the
aggregate and cement paste. Hence, the volumetric
invariant for the two-phase system can be defined with
respect to the component ones as shown in Egs. (5) and
(6). In addition to these two equations, the two consti-
tutive laws for each component of aggregate and cement
paste can also be used. Aggregate is assumed as linear
elastic as shown in Eq. (7). Eq. (8) represents the con-
stitutive relation for cement paste, which will be dis-
cussed in details in Sections 3.3-3.7:

00 = PagOag + PepTcp (5)
& = pagéﬂg + pcpECP (6)
1
Fap = =T (7)
g 3Kdg g
&p =/ (Ocp) (®)

where, Gy, G,, and G, are the mean volumetric stresses
on concrete, aggregate and cement paste, respectively,
and %, &g and & are the mean volumetric strains, p,,
and p, are the volume fractions of aggregate and ce-
ment paste, respectively. K, is the volumetric stiffness of
aggregate.

In addition to the above, one more equation based on
the shear rigidity of cement paste is introduced. It may
be assumed that the composite of aggregate and cement
paste can be represented by a combination of Maxwell
and Kelvin chains of viscous continuum. If the cement
paste matrix would be a perfect liquid losing resistance
to the shear deformation, then, 7,, = o.,, Where, the

| New solidified layer

Old solidified layer

Aggregate

Transition
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Fig. 1. Schematic representation of aggregate, cement paste and the solidification process.
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shear stiffness of cement paste becomes zero. This sys-
tem corresponds to a Maxwell chain. On the contrary, if
the shear stiffness, G, is infinitely large, it brings no
shear deformation at all, and the deformed shape with
volumetric expansion or contraction is perfectly similar
to the referential shape at an initial time. Thus, g,, = .
This system corresponds to a Kelvin chain. The actual
case is somehow in between these two cases. One of the
possible formulas is the Lagragian method of linear
summation as shown by Eq. (9):

6& _Ec — —
(72572 ) + =) =0 ©)

3.2. Deviatoric component

The same procedure used for volumetric component
can be applied here. However, for simplicity and
assuming free rotation of the suspended particles, the
shear component of the aggregate phase can be ne-
glected. Therefore the shear strains and stresses of
concrete are equal to that of the cement paste. In this
case, the system is reduced to one equation, which is the
constitutive relation for cement paste as shown in
Eq. (10):

Sy = f(ey) (10)

where, (S;;) and (e;;) are the deviatoric stress tensor and
the deviatoric strain tensor for cement paste, respec-
tively such that S;; = [Sie S)y Soz Sy S Szx]T and e; =

T
lew €y e ey e, ey
3.3. Constitutive formulation for cement paste

The structure growth of cement paste is a rather
complex procedure. Upon contact with water, the
powder particles start to dissolve and the reaction
products start to form. Due to the gradual solidification
of the hydration products the properties of the paste
vary considerably with time. As mentioned before, the
solidification theory [4] proved a potential way of taking
this aging effect into consideration and thus it will be
utilized in this research.

As shown in Fig. 1, the growth of cement paste is
idealized by the formation of finite fictitious clusters or
layers. This means that after a new layer is formed, its
properties do not change with time but the aging process
itself is represented by the solidification of new layers. In
order to set a criterion for the layer formation a volume
fraction function is introduced. This function is taken as
the hydration ratio at a certain time #, y(¢). It is defined
as the ratio of the hydrated volume of cement powder,
V(t), to the total volume of cement that is available for
hydration, V;,, as shown by Eq. (11):

Y(6) =V(0)/Vep (11)

The structure of the cement paste at any time is repre-
sented using the number of the layers already solidified
at that time. According to the value of the hydration
degree, the number of layers, N, at a certain time can be
determined and when the hydration increment reaches a
certain value a new layer is developed and attached to
the older ones. These layers share in bearing the stresses
carried by the cement paste, thus, introducing an infin-
itesimal stress in each layer, S.,. When a new layer is
formed, these infinitesimal stresses are redistributed
among the layers. This also means that the stress con-
dition in a certain layer is a function of both the current
time and the location of this layer or the time when this
layer solidified. Thus, if S., denotes the average stress
in a general layer, ¢ is the time and ¢ is the time when
this layer is solidified. Then, it can be stated that,
Sep = Sep(t, 7).

3.4. Coupling of the system of cement paste layers

Concerning the coupling of the system of fictitious
layers, they are assumed to join forming a parallel sys-
tem. Thus, the total volumetric stress in cement paste
at a certain time is the summation of the average stresses
in all individual layers found at that time and the strain
in cement paste is equal to the strain induced in each
layer. Fig. 2 shows the correlation between the solidifi-
cation of cement paste layers and the growth of the
microstructure. Eq. (12) gives the total stresses in the
cement paste for the volumetric part. For the deviatoric
part, each of the six components of the stress tensor S;; is
equal to the summation of the corresponding compo-
nents over all layers found at time, ¢, as can be shown
using Eq. (13):

%mafgwﬁww (12)

50 = [ sy(0an) (13)

=0

where, G¢,(f) is the mean volumetric stress on cement
paste, Sc,(7,¢) is the mean volumetric stress acting on a
certain layer, ¢ is the time when this layer solidified, # is
the current time, ¥ is the hydration degree, S;() is the
deviatoric stress tensor acting on cement paste and
S;;(¢,t) is the deviatoric stress tensor acting on a certain
layer.

It should be noted here that when a new layer is
just formed it should be stress free. That is because this
layer would be in contact with the unhydrated cement
and water in a liquid state and it would be physi-
cally incorrect to assume that such a layer could solid-
ify in a stressed state. Thus we have, Sg,(,¢) =0 and
S;(t,1) =0.
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Fig. 2. Solidifying layers of cement paste and aging of the microstructure.

3.5. Modeling for individual layers of cement paste

In the previous sections, the general system of layers,
representing the growth of the cement paste, and their
coupling has been explained. Now, the modeling of each
of these fictitious non-aging layers needs to be discussed.
In this research, it will be assumed that creep occurs as a
result of the moisture transport through the different
pores of the microstructure. The size and range of these
pores are distributed over a wide range. These can be
divided into the following categories [9,10]:

e Capillary pores: which are empty spaces left between
the partially hydrated cement grains.

e Gel pores: which are formed as an internal geometri-
cal structure of the CSH grains.

e Interlayer pores: which are considered as a structural
part of the CSH grains.

Moisture transport actually takes place into the
capillary and gel pores. However, under severe condi-
tions motion of interlayer water could be observed. It
can be assumed that moisture transport related to each
of these pores categories can be correlated to a certain
aspect of the creep behavior [12,13]. This can be ex-
plained as follows.

The rate of flow of capillary water is comparatively
high and can easily be reversible. Thus, moisture
transport within the capillary pores can be assumed as
the cause of the short-term creep or creep at the earlier
age. This creep rate drops steeply with time and is highly
related to the hydration process. Moisture transport
within the gel pores is somehow slow and prolonged.
This motion of the gel water can be reversible up to a
certain limit. It can be assumed as the cause of the long-
term creep and is responsible for the main part of the
residual creep. Moisture transport within interlayer
pores can be assumed as the cause of creep under severe
conditions. This creep is highly irreversible.

In order to reflect the three aspects of creep behavior
mentioned above, the rheological model for each layer is
assumed as shown in Fig. 3. The same model is adopted
for both the volumetric and the deviatoric components.
Here, the volumetric component is discussed in details.
However, the same procedure is conducted for each of
the six components of the deviatoric part. In this model,
the total strain is decomposed into instantaneous elastic
strain; e, visco-elastic strain; &, visco-plastic strain; &,
and viscous strain; g:

Ep = €+ Ec + &g T 8 (14)

where ¢, is the volumetric strain in a general layer.

It should be noted here that &, (#) is the strain induced
in a certain layer after its solidification. As the layers are
assumed to join in parallel, then these strains should be
equal to the corresponding volumetric strain in cement
paste. However, the layers solidify at zero stress state.
Therefore, as shown in Eq. (15), this strain at a certain
time, ¢, 1s defined as the difference between the strain of
cement paste at time, ¢, and the strain of cement paste at
the time when the layer solidified, ¢

ycp(t) = Ecp(t) - Ecp(t/) (15)

3.6. Elements of the rheological model for each layer

3.6.1. Elastic part
Represented using a perfectly elastic spring:

Sep = E¢ - & (16)

where, S, is the volumetric stress in a general layer, E.
is the stiffness of the elastic spring and ¢, is the instan-
taneous elastic strain. The elastic stiffness, E., is calcu-
lated such that the summation of stiffness over all layers
at a certain time is equal to that of cement paste at this
time.
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Fig. 3. Rheological model for each layer of cement paste: (a) variation of the dash pot constants against saturation degree and (b) visco-plastic

component formulation.

3.6.2. Visco-elastic part

Represented using a Kelvin-chain of an elastic spring

and a dashpot. It is mainly related to the motion of
water in the capillary pores:
Scp:Ec'8c+Cc% (17)
where, E. is the stiffness of the elastic spring and is as-
sumed as 2.0F.. ¢ is the visco-elastic strain. C, is the
constant of the dashpot fluid.

The constant of the dashpot, C., is related to the
water motion through the capillary pores associated
with thermo-hygro-physical requirements. Thus, the
dashpot constant for an arbitrary layer can be obtained
from Eq. (18) as follows:

Cc=a 'f(Scap) ) 77h ’ d)zap (18)

where, a is a constant, ¢, is the capillary porosity of
the paste, S..p is the saturation of the capillary pores, # is
the viscosity of the water in the micropores and 5 and ¢
are constants taken as 1 and —1, respectively. Function,
f, can be defined as shown in Fig. 3(a).

3.6.3. Visco-plastic part

This part is assumed to be totally irreversible as it is
mainly related to the motion of water from the gel pores.
To simulate this, it is represented using a one way slider
and a dashpot. For simplicity in mathematical formu-
lation, Eq. (19) is used. Here it is assumed that the
limiting value of the visco-plastic strain, where the rate
of strain becomes zero, is represented as a function of
the stress acting on the layer as shown in Fig. 3(b). This
function is simplified using a linear relation as shown in
Eq. (19). The limiting value of gel strain &y 1S assumed

not only as a function of the acting stress but also as a
function of the saturation level of the gel pores. When
the gel pores are filled with water, the strain rate is very
slow even if a high value of stress is applied. On the
contrary if the gel pores are empty, when stress is ap-
plied a high strain rate can be observed:

Egtim = Jf1(Sep) * f2(Seet) (19)
where, Sy is the saturation of the gel pores and S, is the
volumetric stress of the layer.
f1(Sep) = the limiting value of visco-plastic strain

if Sea = 0.0
f1(Sep) = Sep/Eg and E, = E. /4.0
f2(See1) = e = and a is a constant.

The rate of gel strain can then be computed using
Eq. (20):
de
3 &) (20)

where, ¢, is the visco-plastic strain and &g, is its limiting
value. Q is assumed as a linear function such that
k=1.0/C,. C, can be obtained as follows:

Co=d - f(Se) - 4);1 (21)

where d is a constant, ¢, is the gel porosity of the paste
related to this arbitrary layer, Sy is the saturation of the
gel pores, 7 is the viscosity of the water in the micro-
pores and b and ¢ are constants taken as 1.

= Q(‘qglim

— &) = k(egim

3.6.4. Viscous part
Represented using a slider. It is mainly related to the
motion of water through the interlayer pores:



458 R. Mabrouk et al. | Cement & Concrete Composites 26 (2004) 453461

AS] =Z- ASim (22)

where ¢ is the viscous strain, z is a constant and S, 1S
the saturation of the interlayer.

The above Eqgs. (14)—(22) are solved together so that
finally a relation between the stress and strain of the
cement paste layer can be obtained.

3.7. Coupling of skeleton stresses and pore water pressure

Many theories have been proposed describing the
mechanism of drying shrinkage in concrete. In this re-
search, the most generally used capillary tension theory
is adopted where the tensile stress induced on the cement
paste due to the pressure difference between the liquid
phase and the gas phase is assumed as the cause of the
shrinkage deformation [14].

Thus, the combined effect of external loads and pore
water pressure created by the micro-scale surface tension
is treated as the driving force for the deformation of the
cement paste. Accordingly, the total average volumetric

stress on cement paste G, is calculated by using Eqgs.
(23) and (24). The total intensity of the tensile stress per
unit paste volume will depend on both the magnitude of
the tension and the area where it is applied [9,10,14].
Therefore, the factor f is introduced which is related to
the actual amount of liquid water per unit paste volume

(Eq. (29)):

Gp = 01y + B - 0, (23)
2. -R-T
Us:_r—sy:—pTlnh (24)
p= Peap * Secap + Pyel = Sgel (25)
d)cap + ¢gel

where @, is the mechanical stress carried by the skeleton
of cement paste, o denotes the tensile stress due to the
pressure difference calculated by the thermo-hygro-
physical approach. y is the surface tension of liquid
water and r, is the pore radius at which the interface is
created. R is the universal gas constant, 7 is the absolute
temperature of the vapor-liquid system, M is molecular
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Fig. 4. Flow chart for the model computation and the coupling with thermo-hygro-physics.
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mass of the water and 4 is the relative humidity i.e. the
ratio of the vapor pressure to the saturated vapor
pressure. ¢, and ¢, are the porosity of capillary and
gel, respectively. S..p, and Sy are the saturation of cap-
illary and gel, respectively.

4. Verification of the proposed model

In this section, the framework involving both the
computation of thermo-hygro-physical information and
the simulation of the structure behavior is presented.
Fig. 4 shows the outline of the computation scheme and
the coupling with the thermo-hygro-physical mecha-
nisms used. Fig. 5 shows a summary of the model
parameters and their computation. The finite elements

analysis program DuCOM [9,10], that has been devel-
oped at The University of Tokyo, is used. In the next
section, verification of the major components of the
model is attempted. An analytical study of creep and
shrinkage was done using the proposed model and
comparison with available experimental data was con-
ducted. The data of the studied specimens is shown in
Table 1.

Firstly, two pure cement paste specimens were stud-
ied, S1 and S2. These specimens are a part of a group of
tests conducted at Concrete Laboratory at the Univer-
sity of Tokyo. The results are shown in Fig. 6. These two
cases can be used to study the system computation at
young age as a whole. Here, the aging process repre-
sented by the solidification of layers, creep at young age
as represented by the visco-elastic part and the coupling

Stiffness of
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Fig. 5. Summary of the model parameters and their computation.

Table 1
Date of the specimens used in the verification of the model
Size (cm) W/C* (%) Vage® (%0) Type of RH¢ (%) Age at drying Load Age at load-
cement (days) ing/unloading
(days)
S1 Cyl. 10 x 20 30 Zero opC¢ 80 1 - -
S2 Cyl. 10 x 20 30 Zero OPC¢ 80 1 5 MPa 1/2/3/417
S3[15] 10 x 10 x 120 28 62 opC!¢ 50 1 - -
S4 [16] Cyl. 5x20 40 62 oPC¢ 32 1 10 MPa 28/108
S5 [16] Cyl. 5% 20 40 62 oprcC? 95 1 15 MPa 28/148
S6 [17] Beam 32 Zero OoPC! Sealed - 40 N (applied 28
2.27%x2.27x%x83.5 at mid span)
S7[17] Beam 32 Zero oPcC¢ Sealed - 40 N (applied 28

2.27x2.27 % 83.5

at mid span)

#W/C = the water to cement ratio.

b Viee = the ratio of aggregate in the mix by volume.
°RH = the environmental relative humidity.

40OPC = Ordinary Portland Cement.
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Fig. 6. Comparison between experimental and analytical results for
case SI and S2.

with the pore water pressure for computation of
shrinkage are the main parts affecting the results. From
the figure, good agreement can be obtained between the
analysis and experiment in case of drying shrinkage, S1,
while the results are rather overestimated in the case of
loaded specimen, S2.

In the following cases, verification of separate phe-
nomena is attempted. Fig. 7 shows the results of a case
of drying shrinkage of concrete, S3 [15]. Reasonable
agreement can be obtained between experimental and
analytical results. This case verifies the coupling between
the skeleton stress of cement paste and the pore water
pressure.

In Fig. 8, two concrete cylinder specimens were
studied S4 [16] and S5 [16]. The results shown are the
values of creep ratio, which is the creep strain per unit
stress. Case S5 shows that of creep under sealed condi-
tions at the age of 28 days. In this case the effect of
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Fig. 7. Comparison between experimental and analytical results for
case S3.
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Fig. 8. Comparison between experimental and analytical results for
cases S4 and SS5.

drying is not existing and the aging process is almost
completed. The main factor in computation would be
that of the cement paste springs. In case of S4, drying is
allowed. Therefore, here the effect of the visco-plastic
component becomes more apparent and the creep values
are increased. Comparison between experiment and
analysis are quite reasonable. However, the irreversible
part in case of drying is rather underestimated.

In addition to the above, two cement paste beams
were studied S6 [17] and S7 [17]. The analytical and
experimental results are shown in Figs. 9 and 10. These
two cases represent a simple verification on the structure
level. Once again reasonable results can be obtained. It
can also be shown that the loading—unloading pattern in
case of S7 can be well represented. This part is mainly
linked to the slider and dashpot of the visco-plastic
component.

Creep Ratio
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u
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1.50 1 I‘.—.‘l
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0.00 : T T T r
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Fig. 9. Comparison between experimental and analytical results for
case S6.
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Fig. 10. Comparison between experimental and analytical results for
case S7.

5. Conclusions

In this analysis, the modeling of the behavior of the
hardening concrete composite is attempted using a
solidification model based on the microphysical infor-
mation of temperature, hydration ratio, porosity, satu-
ration, isotherm and others. Through this coupling
between constitutive modeling and microphysical
information, the behavior of young age concrete com-
posite can be rationally predicted.

Comparison with some experimental data form the
literature proved that the proposed model shows rea-
sonable agreement with experiments. Different cases
were studied having various conditions of loading and
environmental conditions and in most cases reasonable
results were obtained. There are many phenomena to be
checked using the proposed model and many mecha-
nisms are involved in computation. Extensive verifica-
tions and modifications are still needed. However, it
could be shown that this framework can be a solid
method for the determination of behavior of concrete
under variable conditions. It also shows that the model
not only represent concrete at the young age, but also
can be extended to simulate old age concrete. With some

enhancement of the model parameters this model shows
good future prospects.
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